A class of stored energy densities that includes functions of the form W (F) = a j F j p + g ( F ; adj F) + h (det F) with a > 0, g and h convex and smooth, and 2 < p < 3 is considered. The main result shows that for each such W in this class there is a k > 0 such that, if a 3 b y 3 matrix F 0 satises h 0 (det F 0 )jF 0 j 3 p k, then W is W 1;p -quasiconvex at F 0 on the restricted set of deformations u that satisfy condition (INV) and det ru > 0 a.e. (and hence that are one-to-one a.e.). Condition (INV) is (essentially) the requirement that u be monotone in the sense of Lebesgue and that holes created in one part of the material not be lled by material from other parts. The key ingredient in the proof is an isoperimetric estimate that bounds the integral of the dierence of the Jacobians of F 0 x and u by the L p -norm of the dierence of their gradients. These results have application to the determination of lower bounds on critical cavitation loads in elastic solids.
Introduction.
We take 2 < p < 3 and consider a class of stored energy functions that includes W(F) = a j F j p + g ( F ; adj F) + h (det F);
(1.1) where a > 0, g and h are C 1 and convex, and det F is the determinant of the 3 by 3 matrix F, while adj F is the adjugate matrix, i.e., the transpose of the cofactor matrix. We show that for each such W there is a constant k > 0 such that if h 0 (det F 0 )jF 0 j 3 p k show that W will not be W 1;p -quasiconvex at such a n F 0 . According to [JS 92 ] this is sometimes due to the ability of the material to interpenetrate matter in order to reduce energy. (There is no apparent energetic penalty to the use of a noninjective deformation in (1.1) and (1.3).)
The heart of our proof is an isoperimetric estimate that bounds the dierence of two Jacobians; for every n 2 and p 2 (n 1; n ) there is a constant = (n; p) In particular, for a large class of materials, radial minimizers are local minimizers with respect to small perturbations with support away from the cavity that open no further holes in the material; and, for one particular constitutive relation W, the radial minimizer is indeed the minimizer among deformations that only create a single hole at the center of a ball. Unfortunately, the proof of this last result depends crucially upon the use of the stored energy density W(F) = a j F j 2 + b det F (a > 0, b > 0), whose radial minimizers may destroy matter by mapping some set of positive measure onto a set of measure zero.
The current paper gives a partial answer to (5) since Theorem 4.1 increases the lower bound for the critical cavitation load over that previously determined in [Sp 94] (see also [St 93 ] for the purely radial problem). At this point it is unclear whether the results in this paper will also help answer (4) since it has not been determined whether the values of the deformation gradient that are assumed by radial minimizers, which h a v e been computed in the literature, do indeed satisfy (1.2).
We note that W 1;p -quasiconvexity (especially with p = 1) is a general hypothesis used to obtain the existence of minimizers in the calculus of variations. The n-dimensional Lebesgue measure will be denoted by L n and the k-dimensional Hausdor measure by H k . W e write B(a; r ) : = f x 2 R n : j x a j < r g ; for the ball of radius r centered at a 2 R n . F or a 2 D we let r a := dist(a; @ D ) ;
i.e., the distance from a to the boundary of D.
We write Lin for the set of all linear maps from R n into R n with norm for any C 1 function g : R n ! R n such that ' = div g is supported in the connected component o f R n n u ( @D) that contains y 0 . Here denotes the outward normal to @D. Since (adj ru) T only depends upon tangential derivatives of u, one can use (2.3) to show that, for p > n 1, the degree can be dened on W 1;p (@D;R n )\ C 0 (@D;R n ). 
for every bounded measurable set A R n of nite perimeter, where @ A denotes the reduced boundary of A.
Let u 2 W 1;p (D; R n ), with 1 p < n . Since we are interested in pointwise properties of u as well as restrictions of u to lower dimensional sets, it is useful to consider a particular representative. We dene the precise representative u : D ! R n by u (x) = .) The precise representative satises many important properties. In particular, if u 2 W 1;p (D; R n ) and B(a; ) D then u j @B(a;r) 2 W 1;p (@B(a; r ); R n ) for a.e. r 2 (0; ). Furthermore, if p > n 1 then u j @B(a;r) 2 C 0 (@B(a; r ); R n ) for such v alues of r, i.e., u is the continuous representative given by the Sobolev imbedding.
In nonlinear elasticity one is interested in globally invertible maps since, in More recently it has also been observed that the notion of invertibility almost everywhere is not as useful in function classes that allow for the formation of cavities. In fact the topological properties of such maps can dier drastically from everywhere invertible maps. The source of the diculties is that a cavity formed at one point may be lled by material from elsewhere. In order to exclude such behavior the invertibility condition ( Deformations that satisfy condition (INV) and have nonzero Jacobian are more regular than other elements of the Sobolev spaces W 1;p , n 1 < p < n . In particular, in [MS 95 ] it is shown that such deformations are one-to-one a.e. and continuous H n p a.e. In addition the following result will be used. Main Lemma. Let n 2, n 1 < p < n , and n 1 q p. Then there exists a constant = (n; q) > 0, which is independent of domain, such that Remarks. 1. It is clear from (3.4) below that condition (INV) also implies that the left-hand side of the above inequalites is nonnegative.
2. In order to determine bounds upon the critical load at which c a vitation rst occurs (see the Introduction) it is of interest to obtain numerical bounds on the constant .
3. Although the requirement that the extension satisfy condition (INV) seems to us to be a bit articial, we h a v e been unable to prove that it follows from a more natural condition such as:
u(x) 2 L for a.e. x 2 or, for every a 2 and almost every r > 0, u satises (i) and (ii) of (INV) with B(a; r ) replaced by B(a; r ) \ : (3. 2)
The specic technical problem that is encountered is that one does not appear to be able to get information about the degree in a region whose boundary includes part of L(@). This is due to the possibility that either u may not be approximately dierentiable or the normal component of its approximate derivative m a y be zero on @. If this were not the case then one could use ideas from [MS 95 ] to show that (3.2) implies that the extension u e satises condition (INV).
Proof. We rst note that the rst inequality together with the triangle inequality yield the second inequality. Without loss of generality assume that 0 2 . If we replace u in the inequality b y the scaling u (x) = u ( x =) w e nd that the inequality is independent of the size of the domain. Thus we m a y assume that B(0; 1). Let p 2 (n 1; n ), u 2 A L ;p (), and dene u e by (3.1). Then by (2.4)
Det ru e = (det ru e )L n + m; Our strategy now will be to use an isoperimetric estimate to bound the local hole volume created at each point o f M n N b y the deformed surface area enclosing this volume. An integration will then change the surface integral to the L n 1 -norm and a suitable covering theorem will yield the desired bound (when q = n 1).
Let a 2 MnN. By jru e j n 1 dH n 1 :
In view of (3.3) and the nonnegativity o f m and det ru e we can combine (3.6) and If we n o w e v aluate (3.11) at r = a and make use of (3.12) and the denition of a we conclude that Remark. For q > n 1 (but not q = n 1) an alternative proof of the above lemma can be obtained by replacing the isoperimetric inequality, the area formula, and the inequality jj n 1 j j q + 1 b y the isodiametric inequality and the standard imbedding sup x;z2@B(a;t)
ju (x) u (z)j q Ct q n +1 Z @B(a;t) jruj q dH n 1 :
4. W 1;p -quasiconvexity.
We consider a homogeneous body that, for convenience, will be identied with the bounded region R 3 that it occupies in a xed homogeneous reference conguration. We assume that the body is hyperelastic with continuous stored energy density W : Lin ! [0; 1]. The quantity W(ru(x)) gives the energy stored per unit volume in , at any point x 2 when the body is deformed by a smooth deformation u. F urther, we assume that W(F) = + 1 whenever det F 0.
In particular we are interested in stored-energy functions that satisfy W(F) = g ( F ; adj F) + h (det F) for every a; b 2 R n . Moreover, the largest such satises 2 2 p p2 1 p .
Proof. For p = 2 inequality (A.1) is clear with = 1 . W e therefore suppose that p > 2 and rst consider the case when n = 1 . If b = 0 then (A.1) holds with = 1. By homogeneity w e m a y therefore assume that jbj = 1. Thus letting t = sgn(b)(a b), jbj = 1, and dividing (A.1) by jtj p we nd that the optimal constant , which is nonnegative since t 7 ! jtj p is convex, is given by !; !(t; ) : = [ 1 + 2 t + t 2 ] p=2 1 pt t p :
For xed t > 0 w e minimize ! on the compact set 1 1. If the inmum occurs at = 1 then the vectors a and b are colinear and hence the problem reduces to the case n = 1 . Otherwise, we dierentiate ! with respect to and set the result equal to zero to conclude that = t=2, which necessitates t 2. In this case we nd that = !(t; t=2) = 1 2 pt 2 p p2 1 p :
